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Cj ' Abstract 

I For bicovariant differential calculi on quantum matrix groups a gener- 

^7^ I alisation of classical notions such as metric tensor, Hodge operator, cod- 

r^ , ifferential and Laplace-Beltrami operator for arbitrary /c-forms is given. 

I i Under some technical assumptions it is proved that Woronowicz' external 

CN , algebra of left-invariant differential forms either contains a unique form of 

Q\ . maximal degree or it is infinite dimensional. Using Jucys- Murphy elements 

^^ , of the Hecke algebra the eigenvalues of the Laplace-Beltrami operator for 

"^ . the Hopf algebra 0{SLq{N)) are computed. 

S: 

> 1 Introduction 

X: 

j^ . About ten years ago S. L. Woronowicz introduced the concept of bicovariant dif- 
ferential calculus on arbitrary Hopf algebras and developed a general theory of 



such calculi [10|. One of the most interesting parts of this theory is his definition 
of external algebras and higher order calculi by using a braiding map instead of 
the flip operator in the corresponding classical constructions. The higher order 
differential calculus defined in this manner becomes then an No-graded differen- 
tial super Hopf algebra ([jl|; see for a complete proof). However, applying 
Woronowicz' construction of higher order calculi to quantum matrix groups leads 
to a number of difficulties and phenomena that do not occur in the classical (com- 
mutative) case. Firstly, the vector space {T^)\ of left-invariant differential forms 
*e-niail: heckenbe@niatheniatik.uni-leipzig.de 



endowed with the canonical (wedge) product does not form a Grassmann algebra 
in general. Secondly, it may happen that the dimensions of the spaces (r^'^)i of 
left- invariant fc-forms do not vanish as k —>■ +00 (see [^]). For the irreducible 
A^^-dimensional bicovariant first order differential calculi on the coordinate Hopf 
algebra 0{SLg{N)) of the quantum group SLq(A^), A^ > 2, a detailed description 
of the higher order differential calculi F^ was given by A. Schiiler f^. In this 
important case it is proved in §] that for transcendental values of the parameter 
q the dimension of the vector space of left-invariant k-forms is ( ^ ) just as in the 
classical situation. 

In "ordinary" differential geometry the Laplace-Beltrami operator A acting 
on differential forms plays a central role. In its construction a metric tensor, 
the Hodge star and the co differential operators are essentially used. The aim 
of this paper is to give a definition of invariant Laplace-Beltrami operators A 
for inner bicovariant differential calculi on arbitrary Hopf algebras. It will be a 
generalisation of the classical concept and works also in the case when the higher 
order calculus is infinite dimensional. The existence of A is shown for coquasitri- 
angular Hopf algebras and irreducible differential calculi defined by generalised 
/-functionals. As tools we use cr-metrics (a generalisation of the concept of a 
metric tensor in the commutative case), Hodge star operators (in a special case) 
and CO differentials. 

In Section ^ we introduce a-metrics for a pair of bicovariant bimodules. In 
Section ^ we give examples for these structures. In Section ^ further basic no- 
tions like contractions with forms (see also 0) and a-metrics on higher order 
forms of Woronowicz' external algebra are introduced and a number of useful 
properties of these mappings are developed. Section || is concerned with Hodge 
operators and co differential operators. For their definitions we require two as- 
sumptions. The first one is that the Hopf algebra is "connected" (i. e. it has only 
one one- dimensional corepresentation), and the second assumption is satisfied (for 
instance) if the left-invariant part of the external algebra is finite dimensional. In 
Theorem ^?T] it is proved that if there is a left-covariant a-metric on the external 
algebra then there exists a unique (up to a complex multiple) left- invariant differ- 
ential form of maximal degree. For the proof of Theorem |5.1| (and its Corollary 
|5.1| ) we don't need the assumption that the Hopf algebra is "connected" . Fur- 
ther we define Hodge star and codifferential operators and prove some of their 
properties. One of the formulas for the codifferential operator is independent of 
the Hodge star and will be taken as a definition in the next section. In Section 



the invariant Laplace-Beltrami operator is defined and a number of results on 



this operator are derived. Among others, it is shown (Theorem 5A) that there 
is a duahty between the differential and codifferential as in the classical case. 
In Section ^ the eigenvalues of the Laplace-Beltrami operator for the quantum 
group SLq{N), N >2 are determined. 

In this paper we shall use the convention to sum over repeated indices belong- 
ing to different terms. Throughout, A denotes a Hopf algebra over the complex 
field with comultiplication A and invertible antipode S. The symbol ®yi means 
the algebraic tensor product over the Hopf algebra A, while Z\l and Z\r denote 
left and right coactions on a bicovariant ^-bimodule, respectively. If u and v are 
corepresentations of A, then we write Mor(M, f) for the set of intertwiners of u 
and V. We set Mor(M) = Mot{u,u). Throughout the paper we freely use basic 
facts from the theory of bicovariant differential calculi (see [|1^ or |^ Chapter 
14]. 

I want to thank Prof. Schmiidgen for posing the problem and for motivating 
discussions. 

2 (j-Metrics 

Let A be an arbitrary Hopf algebra and let r+ and r_ be two finite dimensional 
bicovariant ^-bimodules. Recall that any bicovariant bimodule F is a free left 
and right ^-module and there are bases of F consisting of left- and right-invariant 
elements respectively. In what follows we use the symbols (F)i, (F)i. and (F)ir to 
denote the vector spaces of left-, right- and biinvariant (i. e. both left- and right- 
invariant) elements in a bicovariant bimodule F. Further, there is a canonical 
braiding a : F,- ®_4 F,-/ -^ F^-/ ®_4 F^ (defined by Woronowicz |jTD|]) for each 
t,t' G {+, — } which is an invertible homomorphism of bicovariant bimodules. 
We shall write a~^ for a and a^ for a^^. 

Definition 2.1. A linear mapping g : F+ (g)^ F_ + F_ ^^ F+ ^ ^ is called a 
a -metric of the (not ordered) pair (F+, F_) if it satisfies the following conditions: 

• f7 is a homomorphism of ^-bimodules, 

• g is nondegenerate, (i.e. for ^ G F^- both g{^ ®^ ^') = for any ^' G F.,- 
and g{^' ®_a = ^^ ^^Y i' ^ ^-t imply ^ = 0) 

• g o a = g (a-symmetry). 



the following diagrams commute {t,t' G {+, — }): 

Tr ®A Tr' ®A T-r ^ ^r ®A T-r ®A ^t' 
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(1) 



r,, ®^ r, ®^ r_, ^^ r^, 



The cr-metric of the pair (r+, r_) is said to be left-covariant resp. right- covariant 
if 

Z\ o (j( = (id (?)Z\l resp. (2) 

Aog={g® id)Z\R (3) 

on r+ (8>^ r_ + r_ (S)_4 r+. We call it bicovariant if it is both left- and right- 
covariant. 

If no ambiguity can arise then we use the symbol ',' iii order to separate the 
two arguments of g. Recall that by definition we still have g{C,a,, p) = g{C,, ap) for 
any a e A, ^ ETt and p E r_^, r E {+, — }. 

If (7 is a homomorphism of the ^-bimodules F^ (S)_4 T^^- and A, r E {+,—}, 
(e. g. if (? is a cr-metric of the pair (r_|_, r_)) then on the tensor product (S)m=i ^Tm^ 
Tm E {+, — } the equation 

gi,i+i ° 9j,j+i = 9j~2,j-i o gi,i+i ioT k> j > i + 1 (4) 

holds. One can check that the only conditions on the above map to be well 
defined is Tj+i = —Ti and Tj^i = —Tj. The formulas 

gi,i+i o o"i,j+i = o-j-2,j-i o gi,i+i and (Tj^j+i o g^j^^ = g^j^^ o (Xj^j+i, j > i + 1, 

(5) 

should be clear as well. 

Let now g he a a-metric of the pair (r+,r_). Then on the tensor product 
Tf 0^ r?^, r E {+, — } we define a map g recursively by setting 

9{^,a)-=^a, ^(a,C):=aC, ,^. 

(6) 

9{^ ®A 6, Ci ®^ C) := gi^gi^u d), C) 
for all e e rf , Ci e r,, c e r?,, Ci e r_, and aEA. 



Since g is a homomorphism of ^-bimodules, the map g is well defined and it 
is a homomorphism of bimodules. Note that g is left-, right- or bicovariant if g 
is. The next lemma is crucial in what follows. 

Lemma 2.1. For a a-metric g of the pair (r+,r_) and arbitrary integers 
i, k, I such that 1 < i < k,l, we have 

on the himodule Vf ®a T®[. 

Proof. Because of (^ it suffices to show the assertion for i = 1 and k = I = 2. 
But in this case we have g = gi2 o g23 and it suffices to apply the fourth condition 
on the (T-metric g (see (|l]) in Definition p.l|) twice. We obtain 

^(cr=^(^l (g)^ 6), Cl (S)A C2) = 6-12 o 5-23 o 0-i^2(^l ®^ 6 ®^ Cl (^A C2) 

= 5-12 o 5-12 o 0-23(^1 ®A 6 ®A Cl ®^ C2) 
= 5-12 o 6-34 o ^^23(^1 ®A 6 ®^ Cl ®A C2) 
= 5-12 o 5-23 o 0-^4(^1 ®^ 6 ®^ Cl ®y4 C2) 

= ^(6®^6,^^(Ci®^C2)), 

where the third equation follows from (^). ■ 

Let g he a homomorphism of the bicovariant bimodules r+ (S)_4 r_ -|- r_ ^j\^ r+ 
and A. The general theory of bicovariant bimodules assures that g is nonde- 
generate whenever the matrix of g with respect to one fixed basis of (r_|_)i and 
one fixed basis of (r_)i is invertible. Conversely, if g is left-covariant (i.e. (|^) is 
fulfilled) then the matrix G oi g with respect to any basis of (r_|_)i and (r„)i has 
complex entries and the nondegeneracy of g implies the invertibility of the matrix 
G. In this case we easily conclude that the following assertions are equivalent: 

(i) g is nondegenerate, 

(ii) the restriction of g onto the subspace (r+ 0^ r_)i + (F^ 0^ r+)i is nonde- 
generate, 

(iii) the matrix G oi g with respect to one (and then any) basis of (r+)i and 
(r_)i is invertible. 

Obviously, this holds for left-covariant a-metrics as well. In what follows most of 
the cr-metrics will be left-covariant. 



3 Examples 

Let ^ be a coquasitriangular Hopf algebra (see for example 0, Section 10.1) 
with universal r-form r and let u = ('u!)jj=i,...,d be a corepresentation of A. 
Then u^ = ((M'^)j)jj=i,...,d, (u^)] = S{ul) is the contragredient corepresentation of 
u and u and u^ determine two bicovariant ^-bimodules r_|_ and r_, respectively. 
They are given by fixing the bases {uij \i,j = l,... ,d} and {9ij \i,j = l,... ,d} 
of left-invariant forms of r+ resp. r_ and defining the right coactions Z\r and 
right ^-actions ^<a = S'(a(i))^a(2), C, G (Ft-)], r G {+, — }, a G ^, by the formulas 

A^{u,,) = Uki ® {uu')\l Z\r(%) = 9ki ® {u^'u')'ll, (8) 

Uij<a = S{rf)l^j{a)uJki = r{Ui,a(i))r{a(2),uj)LJM, (9) 

% <a = l+lS{l-'^)ia)9M = r(a(i),5(Mf))r(5K),a(2))^M. (10) 

Note that the 1-forms uj := ^j=i cUjj G r+ and 9 := {f o S){u'j)9ij G r_, where 
/(a) = r(a(i), S'(a(2))), are biinvariant. 

Assume for a moment that the corepresentations u and u'^ are equivalent 
(m = u^) and let T = {T^)i,j=i^...^d be an invertible morphism T G Mor('u,'u'^). 
Clearly we have T^^ G Mor(u'^,M). Then the mapping 

9,,^v{ulM)iT-')]Tluki (11) 

extends uniquely to a homomorphism of the bicovariant bimodules r_ and r_|_. 
Moreover, this mapping is invertible and its inverse is given by 

u.,^v{u\,S{u{))Tl{T-')l9ui. (12) 

We also see easily that this isomorphism maps 9 into uj. 

Let now u be an arbitrary corepresentation and let Fi G Mor(M^'^,u), F2 G 
Mor(M, u^^) and Gi, G2 G Mor(u) be invertible morphisms. Then we define linear 
maps g' : r_|_ ®^ r_ — >• ^ and g" : r_ 0^ r+ — > ^ by 

^'(a^ij ®-4 ^fc/) = aFilF2\ and ^"(a% ®^ cj^/) = aGi{G2\. (13) 

Lemma 3.1. The mappings g' : r+ ^j^^ T^ ^ A and g" : r_ ®^ r_|_ ^ ^ are 
homomorphisms of bicovariant bimodules. Moreover, as bilinear forms they are 
nondegenerate. 
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Proof. Firstly let us show that g'ioJij 0^ Okio) = g'ioJij ®ji 9ki)a- For this we 
compute 



pn) 



g'{ujij (g)A Okia) = 5f'(a{i)r«, a(2))r(a(3), Mi)r(a(4), S{ul))r{S{ul), a(5))ujrs ®^ 6. 
= a(i)r«, a(2))r(a(3), ui)r{a(^4), S{ul))r{S{u^J, a(5))Fi3;! 
= a(i)r(F2>[, a(2))r(a(3), S{ul)uiFil)r{S{ul), a(4)) 
= a(i)r(F2X> «(2))r(a(3), S{ul)FiiS^{ul))r{S{u^J, a(4)) 
= ^isa(i)r(i^2X. a(2))r(a(3), S{S{ul)ul))r{S{u^J,a^4)) 
= Fi^fca(i)r(F2X, «{2))r(5«), a(3)) 

= FiiF2>(,)r(5K5«)),a(2)) 
= FilF2\a = g'iujij O^ ^m)«- 

Secondly we prove the covariance of g', that is 

{id® g')Ai^ = Aog' and {g' ®id)AK = A o g' (14) 

as a mapping from r+ ®^ r_ — i> ^ ® .4.. Similarly to the proof of Lemma 2.1 in 
[H one can show that the equations (0) are equivalent to g'{ujij <S)a ^ki) £ C and 
g'{uij (8)^ 6ki){uu^u^'^u'^Y^^^g = g'{ujmn ®a ^rs)- The first one is trivial. For the 
second we compute 

g'iuj,, ®A eM){uu%'^%j£'L = F,iF^ulS{u])S'{u';)S{ut) 
= F,\ulS{u])uiF^'^S{ut) = F,-S\u\)F,lS{ut) 

= FCF^^S{UIS{U\)) = FCF2I, = g'iuJmn ®A Ors). 

Hence the assertion follows. 

Thirdly we have to prove the nondegeneracy of g' . We shall carry out the 
proof only for the second argument of g' . Let p be an arbitrary element of r_. 
Then there are elements aij G A such that p = Oijaij. Assume that g'{p'®AP) = 
for all p' G r_|_. Inserting p' = u^i, k,l = 1, . . . ,d and using that g' is a right 
^-linear mapping, we obtain Fi-F2l.aij = for all k, I and the invertibility of Fi 
and F2 gives aij = 0. Hence p = 0. ■ 



Assume for a moment that the corepresentations u and u^ are equivalent and 
let us identify r_ and r_|_ via the isomorphism (|11|). 



Lemma 3.2. Suppose that the corepresentations u and u'^ are equivalent. 



Then the homomorphisms g' and g" : r+ ®yt T^ in Lemma |^[j coincide if and 
only if there is a nonzero complex number c such that 

Fi) = ciT~^tG2';.Ti and F2} = c"i(T-i)[G'i^T/. (15) 

Proof. Since g' and g" are homomorphisms of ^-bimodules it suffices to 
prove the assertion on the vector space (r_|_)i ® (r+)i. Inserting ([T^) into the 
definition of g' and g" , it follows that g'{ujij ®_4 ojki) = g"{ujij ®_a ^m) if and only 
if 

Ty{T-yA<.S{u[))F^^F,\ = r{ul,S{ui))Ty{T-')lG^lG,i 

for any i,j, k, I. For the right hand side we compute 

r{Tyul,SiuiiT-yJ)G^lG,i = v{S{ul)TlS{{T-')iS{ul)))G,lGl 
= Tl{T-')ir{u^yG,l S{Glu:)) = T[{T-yXGilul, S{uiG,:)) 

and hence the lemma is valid if and only if 

Ty{T-')lr{ul, S{u[))F,iF,y = T[{T-yXG,;ul, S{v}^G,:)). 

Multiplying this equation by r('u^,-U;)(T~^)^r/" we obtain the equivalent condi- 
tion 

FiLF,- = {{T-')lG,\Tr){{T-XGilTl) 

for any z, j, m, n, from which the assertion follows. ■ 

Now let u be an arbitrary corepresentation of A and let g be the homomor- 
phism on r_|_ 0^ r_ + r_ (g)^ r_|_ given by g' and g" . To prove the third and fourth 



conditions of Definition 2.1 for g let us recall the following explicit formulas for 



the braiding a (see 0, Section 13.1): 

a{ujij ®^ LUki) = r«, S'«))r(u-, u'^)r{S{ul),ul)r{ul, u{)uj^n ®a ^rs, 
aiu,, ^^Om) = riul,Siuyj)riuiS'iu^))riSiul),ul)riS'iul),ui)e„,n®AUJr 
(T{9ij ^A uJki) = r{ul, Or«, 5(u*))r(n^, M|^)r(5(M^j, m^)^„„ ®a Ors, 
cr{9i, (E)A Oki) = r«, M[)r(^«), M*)r«, u'y)r{ui, S{ul))e^n ®A Ors- 



The inverses a ^ of these braidings take the form 

a~\uJij (g)A uJki) = r«, S{ul))r{S{u'^),ul)r{ul, u^, )r{ul, ul)uJmn ®A ^rs, 



a 



-I/ZD xry^ a \ „f„.V „.''"\„/'„.t „,m\„t o t „,l 



7ij ^_A ' 



ki) = r«, u[)t{uI, u':)r{S{u'y),u:)r{ui, S{ul))e^n ®^ ^r.- 



Proposition 3.1. Let Fi G Mor(M'=^M), F2 G Mor(M,M'='=) and Gi,G2 G 
Mor(-u) 6e arbitrary invertible morphisms. Then the bilinear map g : r+ ®^ r_ + 
r_ ®^ r_(_ (j'Zi'en 6y (?' and g" in Lemma [j*. j| satisfies the fourth condition 



fl'i20-i(^i ®^ 6 ®^ 6) = 5'230-12(^l ®A 6 ®^ 6), 

6 e r^, ^2 e r^,, ^3 G r_^, r, r' G {+, -}, 0/ Definition lU. 

Proof. Since (7 is a homomorphism of ^-bimodules (see Lemma |3.1|) it suffices 
to prove the assertion on the vector spaces (Ft-)] (Ft-/)] (g) (F_t-)i, t, t' G {+, — }. 
We have to consider four cases which correspond to the possible values of r and 
r'. Since the proofs are very similar, we only show the assertion gi2(y2z ~ 5'23'^i2 
for r = + and r' = — . We will only use the formula r(S'(a), 5(6)) = r(a, 6) for 
any a,h E A and the properties of Fj and Gj, i = 1, 2. 

g23{(^{^ij ^A (^kl) ®A Oab) 

= T{ul,S{ul))r{uiS\u':))r{S{ul),u:)T{S\ul),ui)e„.nF,:F2l 
= r(S2«), S{uI))t{uI S\u^))T{SU),ut)r{S\ul),ui)e^^F,:F2l 



r 



v{S{u\),ul)r{u\,S\u^))r{S{u'^),S\u:))v{S\ul)y:)9^nF^lF2\ 

viSiul),UyMS'iu:),S'iu':))Tiul,SK))viS'iul),S'{utmrnn^^^^ 

r«, Or(«^, u:)r{S{u'^),uyMK, S{ul))e^„F,iF^^ 

gi2{uJij ^A Cr'^idkl 'S)A dab))- 



Let us introduce the functional / : ^ ^ C (see [Q, Proposition 10.3) defined 
by /(a) = r(ct(i), 5'(a(2))) and let / denote the convolution inverse of /, i.e. 
/(a) = r(52(a(i)),a(2)). 



Proposition 3.2. Let g be as in Proposition |^[J. Then the bilinear map 
g is asymmetric if and only if there are complex numbers c and z such that 
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fiSiu))) = zf{u]) and 

F,) = cG^J\u]) and F^] = c-'f{v^,)G,) 

fori,] = 1,... ,d. 

Proof. Firstly let us suppose that ga = g. From the equation g{a{ijjij 0^ 
Gki)) = gi^ij ^A (^ki) we conclude that there is a nonzero complex number c' such 
that 

F,] = c'G2U{S{u'^)) and F^] = c'~'f{S{ul))G^';. (*) 

Further, fi'(o-(% O^ ujm)) = g{0ij ®a ^m) gives Gi] = c/(m^)F2^ and G2} = 
c~^Fil.f{u^) for some nonzero complex number c. Inserting this into (*) we 
obtain F2] = c'-'cf{S{ul))f{uf)F2'^ for any t,j. Multiplying by {F,-yj{u^) 
and summing up over j we obtain /(m^) = c'~^cf{S{ul^)). Inverting this equation 
we also get /(m^) = c'c~^f{S{u'j)). Let us set z = c'c~^. Then (*) gives the 
assertion. The converse direction is an easy computation. ■ 



4 Contractions 

Let r_|_ and r_ be two bicovariant ^-bimodules over the Hopf algebra A. Let 
F:^ = 0^0 ^t''^ '^ ^ {+5 ~} denote the external algebra for F,- as constructed by 
Woronowicz |jTO|. This means that there is an antisymmetrizer Aj. : F^'^ — > F^'^ 
for each k > {Aq = A\ = id) which is a homomorphism of bicovariant bimodules 
and F:^'^ = F®^/kerylfc. Let us recall some properties of A^. Because of the 
general theory there are bimodule homomorphisms Aij,Bij : F®*"'"-' -^ p^^+i^ 
^;J > such that 

Ai+j = Ai^j {A, ®^ Aj ) , Ai+j = {Ai(»_A Aj )Bij. (16) 

In particular we have 



fc=0 
i-l 



fc=0 fc=0 



__l(id^'^®^Al,_fc_l) 


(17) 


fc=0 




i-l 




(id'^'-'^'^AB,,,), 


(18) 
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where Ao,o = ^1,0 = ^0,1 = id, Bq^ = Bi^o = Bo,i = id and 

Ai^i = id - 0-12 + 0-230-12 - . . . + (-l)Vi,i+i ■ ■ ■ 0-12, (19) 

A,i = id - o-j,i+i + o-j_i,iO-j,j+i - . . . + (-l)Vi2 ■ ■ ■ cri,i+i, (20) 

Bi^i = id - 0-12 + Cri20-23 - . . . + (-l)Vi2 ■ ■ ■ O-j^i+i, (21) 

-Bi,i = id - o-ji+i + o-i,j+io-j_i_j - . . . + (-l)Vj,j+i ■ ■ • 0-12. (22) 

It is easy to see that 

Ai^i = id - (id ^A v4i,i_i)o-i2, A,i = id - (Ai-1,1 (g)^ id)o-j_i+i, (23) 

5i,i = id-cri2(id(g)^5i,i_i), 5,,i = id-o-i,i+i(5i_i,i ®^id) (24) 

for i > 0. One could also take (|1^) and ( p!7D for the definition of A/^. 

The preceding properties hold for any ^-bimodule isomorphism a which sat- 
isfies the braid relation. Therefore, replacing everywhere a by a^^ the above 
works as well. In what follows we will use both kinds of operators and write A^, 
Ajj and BJj whenever we are dealing with a'^ (r G {+,—})• 

Let us introduce some operators in End((3)^i TtJ, '^ > 1 and 1 < j,k < m 
(they can be associated to the permutations {j,j + 1, . . . , fc), {k,k — 1, . . . , j), 
(l.m)(2,m-l)(3,m-2) ■ ■ ■ and (1, 2, . . . , j + l)(2, 3, . . . , j + 2) ■ ■ ■ (A;, A; + l, . . . j + 
k)): 

^y-fc] •= ^£+i^f+ij+2 ■ ■ • (^k-i,k for J < k, or±_^] = id for J > /c, (25) 

^y^fc] := crk~i,k(^k~2,k-i ■ ■ ■ (^tj+i for J < k, cr^^^] = id for j > k, (26) 

^M - ''t^ift^2] ■ ■ ■ ('t^rn] for m > 1, aj) = id, (27) 

^a,fc) •= ""tk^j+kft-i^J+k-i] ■ ■ ■ ^[^-j+i] fo^ "^ = J + A;. (28) 

The verification of the following equations needs only braid group techniques and 
is left to the reader. We have 

^(% = ^[i-fe](^5-i) ^A id) = f^i^_fc](id (S)A crfk-i))^ (29) 



^f^^fci^f^^fc-11 = ^f^^fci^f^^fci (30) 



for k > 2 and 






^[i^fc](^fc-i ®-4 i'i) = (i*^ ®A &fc-i)o-[i_fc], (31) 



a[^^^j(id (g)^ bk-i) = ihk-i ®a id)o-[^^^.], (32) 

\j,k) = (^[i^k+if[2^k+2] • ■■^[j^k+j] 



^(i.k) ~ ^\l^k+l]'^\2^k+2\ ' ' '^\i^k+i] (33) 
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for k > 1, where bk is an arbitrary expression of the complex algebra gener- 
ated by (712, .. . ,o"fc_i^fc and their inverses. Observe that A^aff^-. = cr7k\Af = 
(_l)fc(fc-i)/2^T (^ggg jjjgj^ p_ i57)_ Hence, in particular have kerA^ = ker A^^. 

Now let g he a. cr-metric of the pair (r+, r_). The next formulas follow from 
the fourth condition on the a-metric by induction over k: 

9i2(^^^kf[i^k-i] = 9k-i,k, 5'fc-i,fcO"f^^fc_i]0^p^fc] = 6-12 for k>2. (34) 

Next we define contractions (-, ■)± : T®^®a^-^ ^ rfj''"'', r G {+, -}, t' = t 
for k > I, otherwise r' = —t, by 

This maps are homomorphisms of ^-bimodules and inherit all covariance prop- 
erties of g. If both k and I are less than two, then the contraction doesn't depend 
on the sign ± and we sometimes omit it: (^,^')+ = (^,^')_ =: {C,,^')- 
Next we prove a generalisation of Lemma |2.1| . 



Lemma 4.1. Let g be a a-metric of the pair (r+,r_) and let g be the map 
defined by ([^. Then we have for all nonnegative integers i,j, k,l, 1 < i+j < k, I, 

g o ((id®'^-^--'' 0^ Af ®^ id®^'), id®') =go (id®^ (id®^' 0A Af ®a id®'"'-^)) . 



Proof. Using Lemma 2A_ one checks that 

~9 ° (^^+i-.^.+i-tp id®') = ~9 ° (id^', ^^^.]) (36) 

for 1 < t < t' < k,l. From this and equations p^ ) and (|19D we obtain 

g o ((id^'^— ^^ Aj,_i ®^ id®'^), id®') = 

= ~go hd®'^-^-^®^ (E(-1)*^'^M ) ®-^i^' 

Ait 

= ^o(^id®^(g(-l)*+vJ 
= ^ohd®^id®'-®^f^(-l 

= ~g o (id®^ (id®'- ®^ Bti,i (E)A id®'-^-^)) 
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for all r, s with 0<r,l<s,r + s<k,r + s<l. Using this result together with 
(O) and ([XSp similar computations give the assertion of the lemma. ■ 



Lemma 4.2. Let g be as in Lemma gj and ^k G '^f, ^l G '^-r, '^ G {+, -}, 



A;, / > 0. Then a%, i){<^fk\{ik) ■, c"m(^D) ^■^ ^'^ element o/r?^(8)_4r®'^ and it/ie equation 
9{^%,iMk)i^k)^^t)m) = c^J.-,|)(^fc,eD) (37) 

Proof. We prove the case /c > / by induction on /. Then the assertion 
follows also for fc < / because of the formulas <7t\<^]i\ = id, a^ ■JAf,id^^) = 
(id^^ 4±)a±^.) (see also (H) and (|9D) and crj^^.^aj .) = id for all i,j > 0. 

If / = then crj^N = afj^ ^n = id, hence the left hand side of ( pT]) is equal to 
9i(^fk)i^k),^'i) = crj)(6)^/- For the right hand side we obtain aJ_;)^(Cfc,^0 = 
(^tk-ni^kCi) ■ Since ^l G A and c^^_^^ is a homomorphism of ^-bimodules, the 
assertion of the lemma is valid. 

Suppose that ( pTf ) holds for an / G Nq, / < k. Consider the map 

We compute 

= 99i+i,i+2(T^+i^k+i+2]i(^tk+i,i) ®A id)^^^,^,](aj,) ®^ id) (g)A (tJ+1)) 

= m+/+i,fc+z+2(^J+i_,) ®yt id)(f^J) ®A id ®^ aj+i)) 

= 99k+i+i,k+i+2{(Tf^^i) ®A ^^^^)^tk+i^k+i+iftk+2^k+i+2]i^tk) ®A id®' (»A crfi)) 

= 9(^tk,l)9k+l+l,k+l+2(^[k+l^k+l+lftk+2^k+l+2](^tk) ^-^ ^^^^ ^-^ ^W^ 

= 9(^fk,i)9k+i,k+2{cTfj^) (»A id®' (»A (^fi)) 

= 9^tk,i)i^tk) ®^ ^12 ®^ f^J)) = 99k+i,k+2 = 9 



where we used the following formulas: (p8D and ( ]29|) in the first equation, the 
(T-symmetry of the a-metric, ( P^ ) and ( PT] ) in the second, ( |51D in the third, (^) 
and ( p9D in the fourth, ( |3^ in the sixth, the induction assumption in the eighth 
and the recursive definition of g in the last equation. ■ 



An important consequence of Lemma ^A] is the possibility to extend the defini- 
tion of our contractions (■, ■)± to a map (■, ■)± : F^'^^^F;^'^ -^ Vj , t E {+, — }, 

13 



t' = T for k > I, otherwise r' = — r. To see this, we treat the case k > I. Let 
^^ e Tf" and ^i G F®^, r G {+,-}• Firstly, let C,i be a symmetric /-form, i.e. 
A^(^i) = 0. Then, by definition. 

On the other hand, if .^^ is a symmetric /c-form, i. e. v4^(^^) = 0, then we conclude 



Applying Lemma O] this is equal to 



Now formula (|l^) insures that the latter expression is zero. Hence {Ck:^i)± is 
symmetric. In the case k < I similar reasoning gives the desired result. 

Remark. In view of Lemma |4.5| and Proposition ETTI we should also consider 



the contractions for k = I (composed with the Haar functional, see in Section P) 
as a kind of higher rank a-metric. ■ 

Lemma 4.3. For ^j G F:J}.''% i = 0,1,2, n = T2 = —Tq, ki + k2 < /cq the 
contractions satisfy the following relations: 
(i) (ei,(6,eo)±)± = (^1 Ae2,eo)± and ((eo,6)±,6)± = (^0,6 A6)±, 



Proof. From Lemma ^A\ and formula (0) we conclude that ^fc_;(C/)Cfc)± 



^(C;, A^Cfc) for k>l, Cfc e Ff , C; G F^'^, r G {+, -}. Then for the first equation 
of (i) and representants Q G F^^* of ^j, i = 0, 1, 2 we compute 

= ^(Ci, g{C2, A^Co)) = ~g{Ci ^a C2, ^£Co) 



A^,_,,_,,((Cl®.4C2,Co) 



±j 



The second equation can be proved similarly. 

To prove (ii) we use the same arguments. For the left hand side we obtain 



^(Cl,^«C0,C2)) 
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and for the right hand side 

K-k,-kM^^ Co)±, C2)± = g{Af^-k, (Ci, Co)±, C2) 



~gm,,Ai(o)X2) 



But both last expressions are equal because of the definition of g and since ki + 
h < ko- ■ 

The following lemma contains some recursion formulas which are useful in 
order to compute contractions. 

Lemma 4.4. For any ^k e T^'' , ^^ G T^^^, pi G Tr, P2 e r_^, k > 1, 
T G {+, — } the equations 

(6 A pi, p2)± = 6(pi, P2)± - (6, P(i))± A pg) «"c? (38) 

(pi,P2A^fc)± = (pi,P2)±^fc-pfi) A (p5),^fc)± (39) 

/ioW, w/iere o-'F(pi (g)^ P2) = pfy ®yi P(^) G r_^ (g)^ T^. 

Proof. For k = 1 the left hand side of the first equation reads as 

(6 Api,p2)± = ^((6 ®aPi -(^^{^1 ®APi)),p2) 

= 6-23(6 ®A Pi ®A P2) - 6-12(^23 (6 ®^ Pi ®^ P2) 



because of the fourth condition of Definition 2.1 on the cr-metric g. Further, if 



A; > 1 we then use (U^ to conclude in a similar manner that 



(6 A pi, P2)± = g{Bk^i{ik ®A Pi), P2) 

= gk+i,k+2{.ik ®A Pi ®A P2 - (^k,k+iiBk-i,i ®^ id®^)(6 ®^ Pi ®^ P2)) 
= 6 ®^ 5'(Pi ®A P2) - gk,k+i'^k+i,k+2(^k-i,i 'S)A id®^)(6 '^A Pi ®^ P2) 

= 6 ®.4 5'(Pl ®.4 P2) - 9k,k+l{Bk-l,l ®A (^^)i^k 'S)A Pi (^A P2) 
= 6(Pl,P2)±- (6,Pfi))± Ap|F). 

The proof of the second equation of the lemma is analogous. ■ 

Lemma 4.5. For fixed r G {+,-},/:; > 1 let pk G r:^'',p';, G F^^ anc? 
"^(fc A;) (Pk ®A P'k) — P'fi) ®A P^) ■ Then the contractions (■, ■)± satisfy the equations 

(p'(i).P(2))± = ipk, {^i)f{p'k))± = {{^i)npkip'k)±- (40) 
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Proof. The definition (|5|) of (-, ■)± gives {p%yp\2))± = ^(p'fi), A^pfs))- 
Since (id^'^ ®^ ^fc)^(tfc) = ^tk,kMk ^A id^') (see (|3|) and (||)) and Af = 
(_l)fc(fc-i)/2^T^±^^ we conclude 

(P'(i)' /^(2))± = ^(id®' ®^ ^fc )^(tfc)(P't ®^ Pfc) 
= ~9^tk,kMt ®A id®')(pfe ®^ p'k) 

by Lemma ^.1| . Inserting (— l)^(^^i)/2y4^ _ ^± /^±(^^tj2 ^^^ applying Lemma 



W?l we obtain 



= ^(pfc, v4^(4))Vfe) = (pfc, (4))Vfc)±- 

The second equation follows similarly. ■ 

Finally, we should say something about the nondegeneracy of (■, ■)± as a a- 
metric. 

Proposition 4.1. The maps (-, ■)± : L^^ ®^ L^^ ^ ^, r G {+, -}, k>l 
and their restrictions to (r:^'^)i, (r^^)i are nondegenerate. 

Proof. Firstly we show that g : F®^ 0^ F?:^ — > A and its restriction to 
(Ff")!, (F?^)i are nondegenerate. 



For k = 1 this assertion is true, since g is nondegenerate by Definition ^^ and 
g = g. Suppose that it is valid for some k > 1 and let ,^fc+i G Ff^^^. Then there 
are finitely many fc-forms .^* G F®'^ and linearly independent 1-forms pi G (F^)i 
such that ^fc+i = XliPi ®^ C- Suppose that ^(^fc+i, (^^ <S)a p')) = for any 
e^ G (F?^)i and p' G (F_,)i. Hence by definition of ~g, g{{p, ®^ f), (^ ®^ P')) = 
9{Pi9iC:^k)y P') — for any p' G (F_t-)i. Since 5^ is a homomorphism of right 
^-modules, the latter is also true for any p' G F_t-. Applying the nondegeneracy 
of g we conclude that Pig{C^ Ck) = ^^d since the 1-forms pi G (Ft-)i are linearly 
independent we obtain g{C,Ck) = fo^ ^'^Y 'Ca; ^ (r?^)i. Now we use that ^ is a 
homomorphism of right ^-modules and get g{CiCk) — ^^ ^^Y Ck ^ T?,.. Then 
the induction assumption gives ^* = and hence ^k+i = Pi ^a C = 0- 

Now we prove the assertion of the proposition. Let C, G F:^'^, ^0 ^ ^f^ be a 
representant of C,, and let us assume that {^,^[)± = for any ^^ G (F^^)i. This 
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means g{Af^o,$^l) = for any ^^ G (r^^)i. Since ^ is a homomorphism of right 
^-modules, the latter is true for any ^^ G F^^. In the first part of the proof we 
have shown that Af^^Q = 0. Hence ^o is a symmetric fc-form, so that ^ = 0. 

Nondegeneracy in the second component of (■, ■)± can be proved similarly. ■ 

Corollary 4.1. Let g be a left-covariant a-metric of the pair (r+, r_). Then 
for any k > we have dim(r^'^)i = dim(r^'^)i. 



5 Hodge Operators 

In this section we assume that 

(I) the only one-dimensional corepresentation of the Hopf algebra ^ is 1 and 

(II) there exists a nonzero differential form uJq G (F^")! for some n G Z and 
r G {+, — } such that cjj A p = for all p G r,-. 

The latter is in particular fulfilled if one of the vector spaces (r^)i, (r^)i is finite 
dimensional. Let us fix a triple (no, TojC^q") as in (II) such that for any other 
triple (rii , Ti , C(j[^ ) having the same property we have ui > uq. 

After proving some statements we will show that both + and — can occur as 
the value of tq and for a given left-covariant cr-metric g of the pair (r+, r_), cUq 
can be taken biinvariant and in such a manner that 

{^0, ^o)± = K". ^([)± = 1- (41) 

Then we also will assume this on uJq and Uq . 

Let f7 be a (not necessarily left-covariant) cr-metric of the pair (r+,r_). 

Proposition 5.1. For any ^k ^ T^^^^, ^l G r:^^', < / < A; < no, we have 

K°,a)±Ae; = K°,(a,e,%)±. (42) 

Proof. For / = the assertion follows from the right v4-linearity of g. Let 
us examine first the case k = I = 1. Inserting r = —To and C,k = ^o" into (^) 
and using the condition on uJq° we obtain = uJq°{pi, p2)± — {^o°, p7i))± A pf^-, for 
any pi G F^-o and p2 G F.^-,,, where pf^-. ®^ p%, = <J^{pi ^a P2)- Now we insert 
(^^(^i ®aCi) ^ot Pi ®aP2 and obtain the desired result by the cr-symmetry of the 
cr-metric g. 
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Secondly we prove the proposition for I = I < k < uq hj induction on k. The 
first step for this is aheady done. Suppose now that the assertion is true for a 
k < uq and let C,k G T'^^ , pi G Trg and p2 G '^-tq- By (PSf) we obtain 



((W0°,6)± Api,P2)±= {uJo\^k)±{pl,p2)±- (K°,6)±,Pfl))±Apf2) (*) 

where p^N ®^ p^^j = o-'F(p]^ (g)_4 P2). The induction assumption and the second 
equation of Lemma [4.3| (i) assure that the left hand side of the latter equation is 
equal to 

((^0°, (6, Pi)t)±' P2)± = (^0°, (6, Pi)t a P2)±- 

Moving this to the right hand side and the second term of the right hand side of 
(*) to the left we get 

((t^o",6)±,P(i))± Ap(^2) = (^o°>6(Pi>P2)t)± - {^o\ (^fe>Pl)T Ap2)±, 

where we used the right ^-linearity of the contraction and the relation (pi, p2)+ = 
(pi, P2)_. Now we take arbitrary elements ^[ G Trg, ^i' G T^ro- We insert o"^(^('®^ 
C,[) for pi (8)_4 P2 in the above formula and use Lemma [4.3| .(i) (on the left hand 
side), the cr-symmetry of g (in the first term of the right hand side) and ( ^Sf ) (on 
the right hand side of the latter equation). In this manner we obtain 

K°, a A ^n± A e; = (^0", (6 A ^1 , Q^)±. 

Hence the assertion of the proposition is true for k + 1. 

Suppose now that the assertion of the proposition is valid for a fixed / < uq 
and for all k > I. For / = 1 this is true. Then for arbitrary ^" G F^-o we apply 
121) twice and conclude 



(^o^ 6)± A e; A er = «, (6, eih)± A er = k", a^k, e;)^, ^1%) 



±- 



Applying now Lemma H]^.(i), we get (H3) for / + 1. 



From now on let g he a left-covariant a-metric of the pair (F+,F_). A very 



important consequence of Proposition |5.1| is the following. 



Theorem 5.1. // there is a left-covariant a-metric g of the pair (F+,F„) 
then there exists a natural number Uq such that dim(F:J}"''')i = 1 for r G {+, — } 
and all k-forms C,k G F^'^, k > hq vanish. 
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Proof. Since the cr-metric (■, ■)-!- is nondegenerate by Proposition ^?T] and left- 
covariant there is a left-invariant no-form ^no ^ r^"° such that (co'J'',^„q)4. = 1. 
Inserting an arbitrary ^l, I = uq into ( ^2]) we obtain ^'^^ = {uq° , C,no) .^^Cno ~ 
<(ao,Co)- Hence we get 1^;° = a;J« ■ A. Since V!^^^ = r^;o A r^^'^""" = 
uJq'' a r:^^!^""" for any k > uq, we obtain T!^^ = 0. The same assertion for —tq 



follows from Corollary [4 .11 . 



Remark. In the proofs of Proposition ^TT] and Theorem ^7L the assumption 



that there is only one one-dimensional corepresentation of A was not used. ■ 

Corollary 5.1. Let A be an arbitrary Hopf algebra over the complex field 
with invertible antipode. Let r+ and r„ be bicovariant A-bimodules and g a left- 
covariant a-metric of the pair (r+, r_) . Then there are precisely two possibilities: 
(i) Both r+ and r„ contain a unique (up to a constant factor) non-zero left- 
invariant form of (the same) maximal degree. 

(a) Both r+ and r_ are infinite dimensional and for any form uj G (r:^^)i there 
is a one-form p &Tr such that u A p ^ 0. 

Let us fix ^^^ = Uq' and ^„o G F^"" such that {u!Q°,^no)+ = 1- From Proposi- 
tion^]!] we obtain (ci;o'',^„o)±co'o'' = c<Jq''(^„q,u;o°)=p. Hence the numbers {ujQ',^no)± 
and (^„Q,c<jJ")zp coincide. Since dim(F^"|J)i = 1 by Theorem [Ol , ^„q is an eigen- 
vector of cr(„o). Let o"(„o)^„(, = X^no- Then we conclude from the definition of the 
contractions and the considerations above that 

= A {LjQ°,^no)+ = A . 

Therefore, af^^-^iCno) = ^no- 

A consequence of Theorem Ol is that A-^^Uq") = uj'q ® vq, where vq is a one- 



dimensional corepresentation of A. By assumption (I) stated at the beginning 
of this section, it follows that fo = 1. Hence ujf is biinvariant. Similarly, ^„(, is 
biinvariant. This implies that a7 ^ Auj'^ ®Aino) = ^no ®A^o"- Applying Lemma 



475| we get 
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This means that {^no,^o°)+ — ^ ^^^ hence {uq'' , ^no) - = {^no,^o')+ = 1 and 

Further, we have ^no^p = for all p G T^ro- Therefore, the triple (no, — tq, C,no) 
satisfies assumption (II) at the beginning of the section as well. Now we can set 
uJq'^° := C,no and so (0) is valid. In particular, we have obtained that 

a(.„)o;o^ = (-l)-(--i)/W- (43) 

Since the triple {uq, —tq,uJq'^^^) satisfies assumption (II), we can replace tq by 
—To and Proposition |5.1| remains true. Moreover, it follows from Theorem |5.1| 
that p AuJq =0 for all p E T^°. Using this ansatz a similar reasoning as used in 



the proof of Proposition |5.1| shows the following. 



Proposition 5.2. For any ^k ^ F^^ andi[ G F:^', < / < A; < no, r G {+, -} 
the equations 

e;A(e.,^o)± = ((e;,efc)T,^o)± (44) 

hold. 

Let *j^, *^ : F^*^ -^ pAno-fc ^lenote the maps given by 

*±(0:=(e,^o"0±, *±(0:=K"^0± (45) 

for any ^ G F^^ < A; < no, r G {+, -}. 

Lemma 5.1. (i) For any a E A and ^ G F:^, r G {+, — } we have *l ('^0 — 
o*L (0 and*^{ia) = 4(0«- 

(ii) *L*L ~ *L*L ~ i*i ^'^'^ *R*R ~ *R*R ~ ^^- -^'^ particular, the mappings *l 
and *^ are isomorphisms ofT^ and F^^ as left and right A-modules, respectively. 
(Hi) For any pi G F:^'^% i = 1,2, ki + k2 < uq, t G {+, — }, we have 

*L (Pi ^ P2) = {pi, *L (P2))±, *r(Pi a P2) = (*r(Pi), P2)±, (46) 

(Pi,*r(P2))± = (*l(Pi),P2)±- (47) 



Proof. Since (■, ■)± is a homomorphism of ^-bimodules, (i) follows from (^51) . 



(ii) is obtained from Proposition |5.1| by inserting C,k = ^0'^ and applying (^1]). 



Setting ,^0 = ^0 "^ i^ Lemma ^^, (^Bj) and (|47|) are equivalent to the equations of 



Lemma |0|(i) and |4.3|(ii), respectively. 
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Definition 5.1. We call the mapping *^ : T^^: ^ F^^ left Hodge operator 
and *J^ : r:J} — > F^^ right Hodge operator on F;^, r G {+, — }. 



Remark. The equations in Proposition |5.1| and |5.2| with k = I can also be 
written in the familiar form 

*R(e/c)Ae^ = u;J(a,OT, (48) 

e^A*±(efc) = (a,efc)T^o. (49) 



Up to now F^ and F^ have been only the exterior algebras over bicovariant 
^-bimodules F+ and F_, respectively. In the remainder of this paper we assume 
in addition that F:^ is an inner bicovariant differential calculus with differentiation 
dr, T G {+, — }. That the differential calculus T!^ is inner means that there exists 
a biinvariant 1-form rj'^ G F,- such that 

d^p = V^Ap-i-l)'pAv'- pGFf,rG {+,-}. (50) 

Further, we assume that the corresponding cr-metrics (and hence contractions) 
are left-covariant. 

Definition 5.2. The mappings d^ : T^'^ -^ p/\fc-i ^^ggned by 

d^p := (-1)'= *± (d_. *J (p)), p G Ff , < fc < no, r G {+, -} 

are called (positive and negative) left codifjerential operators on F:^. Analogously 
we define the right codifjerential operators d^ : T^'' —* F;^'^^^, < A; < no, 
r G {+, -} on F^ by d^p := (-1)--!+^ *± (d_, 4 (p)). 

Lemma 5.2. *l{p) = *^{p) and *^{p) = *^{p) for any p G F^'^, r G {+, -}, 
k G {0,1, no - I, no}. 

Proof. For fc = we have *l(p) = *l (p) ~ P^o^ ^^^ *r(p) — *r(p) — ^o'^P 
by definition. For k = uq we obtain from Theorem ^]1] that there are a,b E A 
such that p = ac^o = uJqB. Then Lemma ^]l](i) and equation (^I]) imply that 



* 



au^) = a *L (^0) = a(^o, ^0 ^)± = « and *^iuj^b) = *^iuj^)b = {uJq ^, uj^)±b 



b. 

Let now k = uq — 1. We compute 

*l(p) = (P.^o"")± = ^(^^o-iP' ^i-1,1^0"") 



(*) 
^(P> (^no-i ®-A id)5i-i,i^o ^) = 9{p. ^^0^0 ^) 
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by using Lemma ^.1| and the second equation of (p!6[). We also have A^ = 
(_l)fc(fc-i)/2^-c^+^ for any A; > 1. Hence §1) gives 

From this and equation (*) we conclude that *l(p) = *l(p)- 

In the case A; = 1 we use that the mappings ^^ are isomorphisms of left A- 
modules. Therefore there is a p' G F:^"""^ such that p = *l (p')- By the preceding 
we also have p = *l (p')- Hence, *l (p) = *l *l (pO — P' ^^^ *l (p) — *l *l (pO — 
p'. Similarly, *j^(p) = *r(p) for any p G F:^^, A; = l,no — 1. ■ 

Lemma 5.3. For any p G (FT-)r, r G {+, — } we have *l(p) = (~1)"''~^*r(p)- 

Proof. The no-form uJq'^ is left-invariant. Hence there are left-invariant 1- 
forms pi, . . . , Pno £ (r-r)i such that lUq'^ = pi A . . . A pn^. Then ( pQ]) and the 
cr-symmetry of the a-metric yield 

no 

*L (P) = Xl(~^)'"'^i ^ • • • ^ ^^-1^^' P'^ ^ P'+^ A... A Pno- (51) 

The (T-symmetry of the a-metric implies that (pj, p) = (p, pj) for any z = 1, . . . , no. 
Using this fact and equation ( P^ ) we obtain the same formula for (—1)"""^ *^ (p). 



Applying Lemma 5.2 the assertion follows. 



Proposition 5.3. The codifferentials d^ and d^, r' ^ {+, — }, coincide. On 
a G A they act trivially: d^a = d^a = 0. For any p G F:^^, A; > 0, r G {+, — } 
we have 

9±p=(p,r/-0± + (-l)'(r^P)±■ (52) 

Proof. Let A; > and p G F:^'^. The definition of d^ and ( ^OD give 

dtp = (-1)' *t (d-. *t (P)) = (-1)' *L iv-^ A 4(p) - (-1)"°-'= 4 (p) A r/-). 



From the first equation of (^6]) and Lemma |5.1| (ii) we obtain that the first sum- 
mand is equal to (— 1)^(77"'^, *^(*l(p)))± = (~1)^(^~'')P)±- For the second 
summand we use (^Gf ) and Lemma |57^ and obtain (— l)"''+^(*j'^(p), *l ('7~''))± = 
(*L (p)' *r(^~'^))±- We apply now (^Tj) and Lemma |5]l|(ii) to the latter and get 
(*L (*L (p))'''7~'^)± — {PjV~'^)±- This proves (|52|) for the left codifferentials. Simi- 
lar computations lead to the same expression for 9^p. ■ 
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Proposition 5.4. For any p G (F:^"" -'^)i, r G {+, — } we have d^p = 0. 

Proof. Let p G (r:^""^^)i. Because of Lemma |5.1| (ii) and the left-covariance 
of *L there are pf G (r_^)i such that p = *l (Pi")- Then d^p = is equivalent to 

= *^(d.p) = *^(d. *J (pf )) = -9^p^ 

Since ■i]'^ is biinvariant, pf is left-invariant and the a-metric is a-sjTiinietric, we 
conclude from Proposition 5^ that 

d^pf = {pf,v')± - {V\pf)± = {pf,vn± - {pf,V^)± = 0. 



6 Laplace-Beltrami Operators 

Let A be again an arbitrary Hopf algebra and let r+, r_ be two bicovariant A- 
bimodules which admit a left-covariant cr-metric in the sense of Definition ^.11 . 
Moreover, (as in the last part of Section ^,) we assume that the bicovariant A- 
bimodules T{^, r G {+, — } admit a differential operator d^ such that they become 
inner bicovariant differential calculi on A. Further we suppose that the cr-metrics 
(and hence contractions) are left-covariant. 

In addition we now assume that the Hopf algebra A is cosemisimple 0, Sect. 
11.2], that is, there exists a linear functional h on A, called the Haar functional, 
such that h{l) = 1 and 

{h® id) A{a) = {id 0h)A{a) = h{a)l (53) 

for all a & A. Further, we suppose that the Haar functional is regular, that is, 
both h{ab) = for all 6 G ^ and h{ba) = for all 6 G ^ imply that a = 0. 
(Recall that any CQG-algebra is cosemisimple and its Haar functional is regular 
(0, Proposition 11.29). By Proposition ^ the restriction of (-, ■)± to T^^^^^T^'l 
is nondegenerate. Hence for each p G F:^'^ there is a p' G F^^ such that A3 a : = 
{p,p')± ¥" 0- By the regularity of the Haar functional there is a 6 G ^ such 
that h{ab) ^ 0. Then we have h{p,p'b)± = h{{p, p')±b) = h{ab) ^ 0. Therefore, 
the mapping ho (■, ■)± : F;^'^ (g)^ F^^ ^ C is nondegenerate for all A; > and 
r G {+,—}. We shall consider it as a generalisation of the classical notion of the 
metric on A;-forms. 
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Motivated by Definition ^]2| and Proposition |5.3| , we introduce the following 
notion. 

Definition 6.1. The mappings d^ : T^^ -^ r^'=~\ A; > 0, r G {+, -}, defined 
by d^{a) = for a G ^ and 

9±p=(p,r/-0± + (-l)'(r^p)± (54) 

for p G T!^^, k > 0, are called (positive and negative) codifferential operators on 

"pAfc 

T ' 

Lemma 6.1. (i) {d^f = 0. 
(ii)d^{ap) =adfp+{-lY{d.ra,p)±foranyaeA,peV'^^, r G {+,-}, /c > 1. 

Proof, (i) Since {dff{p) G T^^^^ for any p G ^:;}^ A; > 0, r G {+, -}, we 
obtain {dff{p) = for p G T^'^, fc < 1. For A; > 2 we get 

{df)\p) =d^{{p,v-)± + (-l)^(r/-^p)±) 

+ (-l)'-'(r^ ((p,ro± + i-i)'{v-\p)±))±. 

Applying Lemma ^]3|(i) on the first and fourth summand we obtain 

= (p, V-' A r/-0± + (-l)^(r^ P)±, rO± 

+ (-l)'=-^(r^ (p,r7-^)±)± - (r" A v-\p)±- 



Since t]""^ is biinvariant, rj^^ Arj^'^ = 0. Using Lemma ^^ (ii) the second and third 
summand in the last expression also vanish, 
fii) From fpOl) it follows that 



{d-ra,p)± = {ri ^a,p)±~{ari ^,p)^ = {ri ^,ap)±-a{ri ^,p)±. 

Then (^) gives the assertion. ■ 

Lemma 6.2. For any a & A and p G (rT-)i,p' G (r_^)i, r G {+, — } we have 
(i) h{{ap,p')±) = h{{pa,p')±) = h{a){p,p')±, 
(tt) h{d^^{ap')) =0. 

Proof, (i) Let {6i\i = 1, . . . , m} be a basis of the vector space (r^)i. It 
suffices to prove the assertion for p = 9i. The left-invariance of the cr-metric 
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ensures that {p,p')± E C and we conclude that h{{ap, p')±) = h{a{p, p')±) = 
h{a){p,p')±. 

By the general theory [T^ there are functionals /j, i,j = l,... ,m, such that 
9ia = a(i)/j(a(2))6'j and /](!) = Sj. We have again {9j,p')± G C and therefore 

K{9ia,p')±) = h{a(i))fj{a(2)){6j,p)± = /j(/i(a(i))a(2))(6'j,p')± 

by (|53D. Hence we get (i). 

(ii) Firstly we see from (plD that d^^{p') = {p', r]'^)± — {r]'^, p')± = since the a- 
metric is cr-symmetric, 77"^ is biinvariant and p' is left-invariant. Secondly, Lemma 
Qii) gives h{d%{ap')) = h{ad%p' - (d^a,p')±) = h{{ar]^,p')± - {ri^a,p')±). 
Then the assertion follows from (i). ■ 

Theorem 6.1. Suppose that g is a left-invariant a-metric of the pair (r+, r_) . 
Let (■, ■)± be the corresponding contractions. Then for any p G T^'' , p' E T^^"^^, 
r G {+, — } the equations 

/^((p,5-y)±) = /^((d.p,p')±) and (55) 

h{{d%p\p)^) = h{{p',drph) (56) 

hold. 

Proof. Inserting the definitions ( p^ and (|5D|) we obtain 

/.((p,9V)± - (d.P,P%) = h(^{p, ((p',r^O± + i-ir^'{v\p')±))± 

-{{v^Ap+{~l)'^'pAvn,P')±)- 

Applying Lemma |0| we now substitute (p, (p',77^)±)± by ((p,p')±,77^)±, (p, {v^,p')±)± 
by {p Arj'^, p')± and (r^"^ A p, p')± by (r/"^, (p, p')±)±. Then we have 

/7((p,9^,p')±) - /^((d.p,p')±) = /^(((p,p')±,r70± - (^^ (P,P')±)±) 



Since {p, p')± is an element of r_T- = A{T_t)i, we obtain (|55| ) by Lemma |0|(ii). 
The proof of (^6|) is similar. ■ 



Definition 6.2. We call the operators A^ : T^^ -> L^'^, A^ := d^df + d^dr 
Laplace- Beltrami operators. 
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The following properties of A^ are simple consequences of the facts that 
d2 = 0, (9±)2 = and 



Lemma 6.3. The Laplace- Beltrami operators satisfy the equations 

A± = (d. + 9±)^ (57) 

A±d, = d,A± = drdfdr, (58) 

A$d^ = d^A$ = d^drd^, (59) 

A'^^a = AL'a = (rj+a, r]-) + {r]-a, ri+) - 2a{r]+, rj-) (60) 

for any a E A and r, r' G {+, — }. 



Remark. By (pO| ) the Laplace-Beltrami operator on ^ C F^ neither depends 
on the sign r' of the antisymmetrizer nor on the .4-biniodule F^ containing A. 

■ 

Proposition 6.1. For any p G F;^'^, p' G F^^, r G {+, — }, k > we have 

M(A^P,P')±) = M(P,AV)±)- (61) 

Proof. Using Theorem |6.1| we compute 

/i((A±p,p')±) = hi{d^d$p,p')^ + {d^d^p,p')^) 

= h{{p,d.rd^J)^ + (p,9^,d_.p')±) = /i((p, AV)±)- 



7 Eigenvalues of the Laplace-Beltrami operator 

for SLq{N) 

Throughout this section we assume that g is a transcendental complex number 
and A is the Hopf algebra 0{SLq{N)), N > 2. Then A is cosemisimple, i. e. any 
element of ^ is a finite linear combination of matrix elements of irreducible matrix 
corepresentations of ^ (^j, Theorem 11.22). Further, A is coquasitriangular and 
admits a universal r-form r : A^ A ^ C defined by r(u*- (g) uf) = z~^R^l, where 
2; is a fixed complex number with z^ = q, and 

^i = Q'^Sl6i + iz<j){q-q-')6l6i. (62) 
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Here the number {i < j) is 1 ii i < j and zero otherwise. We shall write R^ for 
R^\ 

Let r+ and r_ be the A^^-dimensional bicovariant differential calculi on A 
determined by the fundamental corepresentation u and the contragredient corep- 
resentation u"^ (see Section |]). Further, let denote Fi, F2, Gi, G2 the N x N- 
matrices with entries Fi* = z~^q^~'^^6j, F2* = g^*(5j, Gi* = z~^q^6j, G2} = S}- 
Then Fi e Mor(M'''',M), F2 G Mor{u,u'''') and Gi,G2 G Mor(M) and they deter- 
mine a bicovariant cr-metric of the pair (r+, r_) (see Section |^). 

The Laplace-Beltrami operator A on ^ is given by (|60|) . For n ^ TL and a 
complex number p 7^ 0, ±1 let \p\p denote the number (p" — p^")/(p — p^^)- 

Proposition 7.1. T/ie Laplace-Beltrami operator A on A is diagonalizable. 
Let v^ be a fixed irreducible corepresentation of A corresponding to a Young dia- 
gram A. Then the matrix elements of v^ are eigenvectors of A to the eigenvalue 

E, := {z - z-^f I [m]l[N], + [iV], J^ [N^ -2m + 2N{j - z)], | , (63) 

where {i,j) G A means that there is a box in the i-th row and j-th column of X 
and m is the number of boxes in A. 

Proof. Using the relations r(u*, S'(uf)) = zq^^'"^^ Rr^f^ and r(S'(M*),Mf) = 
zR'^l'^, some properties of the r-form r and the i?-matrix equation (0), for any 
r?7, > we get 



where 

-^m+l — ^m,m+l-^m-l,m ■ ■ ■ -"^23 ""^12 -"^23 • • • ^m,,m+li ''^ > 2 (64) 



are the so called Jucys-Murphy operators of the Hecke algebra, Df = id. Since 

„2d—2a jDbd jDec Xexb i „2N+lf„ „—l\„—2axbxe „„^ „2d—2af)—lbdT)—lec Xerb 

? ^ac^fd - ^a^f + Q [Q - Q )Q o^df and q R ^^R ^^ - d^dj - 



g(g — q ^)q ^"^^^l- we obtain 



fc n=l 



27 



and hence 

m 
n=l 

Since q is transcendental, A is cosemisimple. Moreover, A is generated by the ma- 
trix elements of the fundamental corepresentation u of A. Let Pa be a projection 
of M®"* onto the irreducible corepresentation of A corresponding to the Young 
diagram A. Then Proposition 4.7 and the preceding considerations in |^ imply 
that EZiD^P^^ = Ei.,)ex^^^''-''^Px and therefore A« ■ ■ -^^ P^-^-) = 
^A<---<':PAS.:t'^here 

E^ = {z"" - z-"'y[N]g + {q- q-') J^ iz~^"'q^+^^~^' - z^"'q^-^^+^'). 

(*j)eA 

Since q = z'^ , (|63D follows. h 

Remarks. 1. The corepresentation v^ of A with Young diagram A corre- 
sponds to the representation of Ug^Q) with highest weight A = J2i=i ''^■i^i where 
uji are the fundamental weights and mi the number of columns in A of length i. 
Let B(-, ■) denote the Killing metric on the Lie algebra sIat-i and let po be the 
half sum of positive roots. Then the eigenvalue of the classical Laplace-Beltrami 
operator (with respect to the biinvariant metric) corresponding to the highest 
weight A is given by the formula 

Ex = B(A + Po, A + Po) - B(po, po) = 2_, j;^ ~ ' ^*"^' 

1=1 



(see 0). For the quantum case one can check that limg_^i(g — 1/g) "^Ex = Ex- 
2. For A^ = 2 we have q = z"^ and equation (^) reduces to the formula 

E[m] := 2{z - z-')^[mUm + 2],. (66) 



Proposition 7.2. Let z be a transcendental real number and q = z^ . 
(i) All the eigenvalues of the Laplace-Beltrami operator A : ^ ^ ^ are nonneg- 
ative. 
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(ii) For any a & A we have A (a) = if and only if a G CI. 
(Hi) The smallest positive eigenvalue of A : A ^ A is 

mm{Ex I A = [l^ O^"'^], A; = 1, . . . , A^ - 1}. (67) 

Proof. We prove the assertions of the Proposition in the case z > 0. The 
other cases are an easy consequence of this one. 

Firstly one shows that ii X = [hjh, ■ ■ ■ Jn], h > h > ■ ■ ■ > In > ^, then Ex > 
Ex', where A' = [/i - 1, ^2 - 1, • • • , /jv - !]• Secondly, if A = [h, h, ■ ■ ■ , h, 0^~% 
Ik > 0, 1 < k < N, and /« > /j+i, k > 2 for some i = 1,2,... ,k, then let A' 
be the diagram [li, I2, ■ ■ ■ , h-i, h — 1, k+i, • • • , 4, 1, 0^^^'^"*^]. One can prove that 
Ex > Ey since [n]^ > [n — 2n']z for all n' G N, n G Z. Therefore, for any A 7^ [0^] 
there exists a A' = [l'^,0^~''] such that Ex > Ey- Obviously, -Epiv] = and 
because of [Tn\p > for any m G N, p > 0, we also have 

Ey = {z- z-'y{[k]l[N], + [NUkUiN + 2){N - k - 1) + 2],) > 

for any A' = [1^, O^^'^], 1 < A; < A^. Hence the assertions follow. ■ 

Remark. Let g be a transcendental complex number. Let A be one of 
the quantum groups 0{Spy{N)) or O{0q{N)), N > 3, and r+, r_ as in Section 
1^, where u is the fundamental corepresentation of A. Then the settings Gi* := 
er/2(5], G2] := 5], Fi* := rg^'''/2(5j, F2* := eq~'^P'6^j, where r = eg^"" (we use 
the notation of 0), determine a left-covariant a-metric of the pair (r+,r_). 
Similarly to the proof of Proposition [7.1| , using (6.14) in [0 one can show that 
the eigenvalues of the Laplace-Beltrami operator A on ^ corresponding to the 
Young diagram A are 

Ex = iq-q-'Y Yl [N-e + 2j-2t]q. 



During the computations the operators r J2T=i ^k ~''^^^ XlfcLi ^k '^^ ^^^ Birman- 
Wenzl-Murakami algebra appear — one can take (j^^ for the definition of D^ , 
where R^ denote the matrices 

^±g = q^^'^-'>^6l6i ± (±2 < ±l){q - q-'){6l6i - e^e^q^^- ^^ 5)4) (68) 

— , which are central in the algebra Mor(M®''""'"^). ■ 
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